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GENERALIZED SUPER-SOLUTIONS
OF PARABOLIC EQUATIONS
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NEIL A. EKLUND

ABSTRACT. Let L be a linear, second order parabolic operator in
divergence form and let Q be a bounded cylindrical domain in gntl, Super-
solutions of Lu = 0 are defined and generalized to three equivalent forms.
Generalized super-solutions are shown to satisfy a minimum principle and
form a lattice.

Consider the parabolic operators L of the form

Lu = u, - {a;j(x, tyu,; + d,-(x, t)u},,- = bi(x, t)u,, =c(x, Du
where summation occurs over the repeated indices 7, j. The assumptions made
on the coefficient functions can be found in reference [7]. The numbering of
definitions, theorems, and references will continue sequentially from those in
reference [7].

In this paper super-solutions of Lu = 0 are introduced assuming weak
differentiability properties; a minimum principle is proved for such functions.
Then the class of super-solutions is generalized to functions which may not
possess weak derivatives. Three definitions of such functions are given and they
are shown to be equivalent. Then some properties of these functions are
obtained.

III. Minimum principle. The classical minimum principle for super-
parabolic operators L on cylinders Q in E”*! states that u € C%(Q) N C(Q),
Lu>0inQ,and u>00n 9,0 = {Q x (0)} U {32 x [0, T]}, the parabolic
boundary of Q, imply that ¥ = 0 on Q. The same result can be obtained for
weak parabolic operators L provided the proper interpretation of these assump-
tions is made.

DEFINITION 2. u = u(x, t) is called a super-solution of Lu = 0 in Q
(€ Sy) if u € L2[0, T; H*(Q)] and, for all v € C3(Q’) with v > 0.

@) f f [a;,-u.jv.,- +dpuu - bju,p = cuv - uv,] dxdt 2 0.
]
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The notion of u = 0 on apQ must be introduced since u is defined only almost
everywhere on Q.

DEFINITION 3. u € L?[0, T; H'*(Q)] is nonnegative on 3,0 if there is
a sequence of functioas {u*(x, )} C C(Q) with u* lipshitz continuous in x on
Q uniformly in £, u* > 0 on 3,0, and «* — u in L>[0, T; H'*(Q)].

THEOREM 3. (MINIMUM PRINCIPLE). Let u € SQ withu =0 on 3,0
and having initial values u, € L*(Q). Thenu>0a.e. in Q.

PROOF. Set w =—min(y, 0). Thenu € L2[0, T; Hy*(Q)] and u >0
on 9,0 imply w € L%[0, T; H},”(Q)] . Hence, a technique used to prove
Lemma 1 in [1] can be used to show that the test function v can be formally
replaced with w(x, £)x(s, £)exp {2H(x, t)} where

H(x, 1) = —alx — £2/QT - (¢ — ) = B(t —5)

with @, B > 0 constants to be chosen, § € Q arbitrary and s € [0, T], and
x(s, ?) the characteristic function. Then (7) becomes

t
( )0 > %fn w2e2H|t +L_£1[aiiw’iw’i + 20, w,w + djw,w
8
+ 2d,H,w* —bw,w — cw? - w?H ] e*H dxdt.
Since H, = — |H, |?/4a — B, choose a = A(32M?n?)™! and set
B(x, )= X'3(d; — b,)* + NMn) 2 3°d} +c.
Thus, B € LP-9(Q) for some (p, q) satisfying () and

t
2H, 2 - H. 12
[, [ Be*Hw? dxdt >~ 1BI,, le Wl . ,

where the norms are taken over  x (s, ). Then (8) becomes

0> % f9e2”w2|;dx + %)\Ile”wx 13, +Blefwl2 ,
= (1B, ;. p)K( = 5)° {leH Wl , + 4w, I ,

+ [2aT~'diam(Q)] % lewl ,} .

Finally, by choosing § = [2a7 " diam()] 2KT9 |B)| p.q,0 and 050 that

Ko® IBl, , < min(1/4, N16),

the inequality becomes

Joettwrl,dx < [ 2l dx - It B, + Slefwi; .
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The right side is independent of ¢ in (s, s + ) and, hence,
LieHwig . + Ile, 12 , < [, 2w dx

where the norms are taken over £ x (s, s + 0). Sets = 0. Then w(x, 0) =0
implies
leH w2 ot Ile”wx II§,2 =

and, therefore, w = 0 a.e. in Q x (0, 0). By iteration it follows that w = 0
ae.in Q.

COROLLARY. If [f 0 [ev - div,j] dxdt <0 forallv€ Cf,(Q) withv = 0,
then the solution u of Lu =0in Q,u = 1o0n apQ satisfies 0 < ulx, ) < 1in Q.

Henceforth, assume ¢ + {d].} . < 0 weakly in Q. Then the representing

measure y , obtained in Theorem 2 satisfies 0 <a < fdp, ,, <1 in Q for
some constant 4.

IV. Generalized super-solutions. Let
Ra(xo’ to) = {(x: t); lx,'_xo,'| <a, to -a?2<t< to} V) {(xo’ to)}

denote a “parabolic rectangle” based at (x,, ¢,) with “radius” a. For any such
rectangle R with R C Q, the solution u of the boundary value problem

Lu=0 inR, u=f ond,Q,

where f is assumed continuous, satisfies
u@) = [, pfdu, =L(;2 R)
p

for z €R. Clearly, L(f; z, R) is defined on any rectangle R with R C Q and
fFE€ C(@,R). Hence, by the monotone convergence theorem, L(f; z, R) is
defined for any lower semicontinuous function f on apR. Therefore, if f is
semicontinuous on d,R, then f = f; — f, where f; and f, are nonnegative lower
semicontinuous functions. Then

L(f;z, R) = L(f;; z, R) — L(f,; 2, R)

provided that, at each z € R, at least one of the terms L(f;; z, R), L(f,; z, R)
is finite. This restriction will be included in the definition of generalized super-

solutions.
DEFINITION 4. Let u be a Borel measurable function defined on an open

set D. uis
(@) locally super-mean-valued on D (LSMV) if for each z € D there is
rectangle R, with ﬁz CD and z € R, such that, for each rectangle R C R, and
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each y €R, L(u; y, R) is defined and u(y) = L(u; y, R).

(b) super-mean-valued on D (SMV) if, for each z € D, L(u; z, R) is defined
and u(z) > L(u; 2z, R) for each rectangle R with z €ER and R C D.

To get the corresponding definitions for sub-mean-valued functions the in-
equality is reversed. Then u is mean-valued if it is both sub- and super-mean-
valued.

DEFINITION 5. Let LQ denote the class of extended real valued functions
on Q which satisfy

(@) ug+oong,

(ii) u>—-onQ,

(iii) u is lower semicontinuous on Q.

Note that L(u; z, R) is defined on R for each u € LQ since u is bounded
below on 9,R.

DEFINITION 6. () SQ = Ly N {u; u is SMV}.

(ii) SQ ={u€ LQ, for each cylinder W, W C Q, and each v € O(W) with
Lv=0in Wandv<uond,W,v<uon wi.

(iii) S"' = LQ N {u; u is LSMV}.

One of the purposes of this paper is to prove SQ C SQ = SQ = SQ
The other purpose is to point out properties of functions which are in S o
Since SQ C SQ, functions in S are called generalized super-solutions of
parabolic equations. It is obv10us that S, C SQ Before proving SQ = SQ
SQ, a minimum principle is obtained.

THEOREM 4. If u € S{, and if there is a zy = (xg, ty) € Q such that 0 >
u(zy) = infy u, then u(z) = u(zy) on Q x (0, ty).

PROOF. Since u € Sg, there is a rectangle P corresponding to z, with
P C Q such that u € Sp. Hence, for any R C P with z, € R, L(u; 2y, R) <
u(zgy) < 0 and, therefore, infap g U <0. It follows that

L(u; zy, R) > ai;llt; u-L(1;2y, R) >ain£ u = u(zy).
p

Thus, for any rectangle R with z, € R and R C P, u(zy) = L(u; z¢, R).

Set Oy = {Q x (0, 1)} U {(xq, 7o)} and let M = {z € Qy; u(z) = u(zy)}.
Clearly M #g&. Since u is lower semicontinuous, M is relatively closed. To see
that M is relatively open, let y € M. Since y is LSMV on Q, there is a rectangle
R, R, CQ, such that u(y) > L(u; y, R) for every R, RCR,,,and y €R. If
it can be shown that Ry C M, then M will be relatively open in Q, and, hence,

=M.
% For contradiction assume there is a z € R, — M and let R be a rectangle
withy ER, z€9,R,and R C R,. Then,sincey €M, u(y) = L(u; y, R) and,
hence,
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0<L(u-u(y)y R)=L(u;y, R) - u@)L(l; z, R)
=u()[1 -L({1;y, R)] <0.
Thus, L(u = u(y); y, R) = 0 and u = u(y) u,,—almost everywhere on a,R.
Since z € 9,R N (R, = M), u(z) > u(y) and, for any a with u(z) > a >

u(y), the lower semicontinuity of u implies there is a neighborhood U, o about
zsuch thatu > ain U, ,. Then

0=Lu-up);zR)> fu, a0 d, > [ uDy (U, o)

Since u(y) < q, u,, has zero support on apR NU, o= 0, 4, an open subset of
BPR. This will be shown to be impossible and, therefore, no such z can exist.

Let C, , C O, , be closed in 3R and have positive measure. Let f €
a(a,,R) with f=0 on 0,R-0,4f>0,and f=1 on C,,o- Then the solution
v of the boundary value problem

Lv=0 inR, v=f on apR
satisfies v(z) = L(f; z, R) = 0 in R. However, Trudinger has shown [8] that
v € C(R). This is impossible since f=1 on C, ,.

THEOREM 5. S, = Sj = Sp.

ProoF. It is obvious that SpC Sy Letue Sp- Tosee thatu € So
let W be a cylinder with W C Q. Let v € O(W) with Luv = 0in W and v <« on
apw. Set w =u —v. Then wis LSMV on W. If u < v somewhere on W, then
there is a z, € W such that w(zo) = infy,w < 0. Hence, by the minimum
principle w = w(zy) <0 in W N (0, ¢,). This is impossible since w = 0 on
d,W. Hencew >0and u € S'é.

Next assume u € S"'?; it must be shown that u is SMV. Let R be a

rectangle with R C Q. Since u is lower semicontinuous on R, let {¢;} C CR)
be such that ¢; T u. Let v; be the solution of the boundary value problem

Lv=0 inR, v=¢,~ onpr.

Then, by [8], v; € C(R) and, since Lyj=0inRandy, =¢;<uond,R,uc
Sp implies v; <u in R. Therefore,

u(z) = v,-(z) =L(¢;2z, R) inR.
It follows from the monotone convergence theorem that
u(z) 2 L(u; z, R).

V. Properties of generalized super-solutions. Before showing some
properties of super-solutions, a few examples are given.
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A. Let u satisfy Lu = 0in Q. Then u, —u, and — lu| € Sb.
B. Let I'(x, t; £, 7) denote the fundamental solution of Lu = 0 in
Enx(- 1, 2T) whose existence was shown in [1]. For fixed (£, 7) set
Iex, t;£,7), t>1,
Gx, t; £, 7)=
¢ 1) 0, t<T.

Then G(x, t; £, 7) € S'Q.
C. If u satisfies Lu = 0'in @, thenu™ =u VO E S),.
A class of super-solutions can be obtained as follows:

THEOREM 6. Let C(x) be a convex function on E! with C(0)< 0. Ifu
satisfies Lu = 0 in Q, then — O(u) € S,.

ProoF. Clearly, — C(u) € LQ. Therefore, it is only necessary to show
Qu)(z) < L(C(u); 2, R) for any rectangle R, R C Q, and any z € R. Since u(2)
= L(u; z, R),

Cu)(z) = C(L(1; z, R) * L(u; z, R)/L(1; z, R))
provided L(1; z, R) > 0. If, however, L(1; z, R) = 0, then pz(apR) =0, and,
since u(z) =0,

Qu)(z) = C(0) < 0 = L(Cw); 2, R).
Therefore, assume 0 < L(1;z, R) <1 on R. Since C is convex,
Q(u)(z) < L(1; z, RYC(L(y; 2, R)/L(1; 2, R)) + [1 — L(1; z, R)] C(0)
< L(1; z, R)YC(L(u; 2, R)/L(1; z, R)).
It follows from Jensen’s inequality that
C(L(u; z, R)/L(1; 2, R)) < L(Cw); z, R)/L(1; z, R).

Therefore, C(u)(z) < L(C(u); z, R).

COROLLARY. If C(x) is a nondecreasing convex function with C(0) <0
and if - u € Sp, then = Cu) € So-

It follows from Example A and this corollary that —u € S'Q implies
= [ulP € S, provided p > 1.

Before showing that a sum of functions in S'Q is in S'Q it is necessary to
prove the following lemma.

LEMMA 1. Letu € S'Q. If E C Q is such that E N (t,) has positive n-
dimensional measure for some ty € (0, T) and if u =+ > on E, then u = + o
on Q x (t5, 7).
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PROOF. Let R,(x, #) be any standard rectangle in Q such that R, N
E N (t,) has positive n-dimensional measure. Let z = (», s) be any point in
R,. 1t follows from the representation of solutions given in [1, Theorem 9] that
for a measurable set 4 C apRa N (t - a?),

@ = [ o Xa @00 56 1 - %)

where 7,(», s; £, 7) is the Green’s function for Lu = 0 in R,(x, ¢). Then
p,=>0andu € S'Q imply

U@ > L0 2 R) > [y 4l =@ W,0, 56 £~ a)dk.

Since 7, is bounded below by a positive constant on each subset of {|¢ — x| <
a} x (¢t — a®) for fixed (», 5) € R (x, ?), it follows that this last integral equals
+ oo,

It follows from Lemma 1 that u € S'Q implies u must satisfy exactly one
of the following:

(i) u=+o0ngQ,

(i) there is a ¢y € (0, T) such that u <+ % on Q x (0, #y) and u =
+ e 0n Q x (¢, T)

(iii) u <oo on Q.
However, u € S'Q implies u € LQ and (i) is impossible. Therefore, the following
corollary can be stated.

COROLLARY. Ifu € S'Q, there is a t, € (0, T] such that u < on Q x
O, 1) and u=+0n Q x (t, T).

THEOREM 7. Ifu,vES'Qandc >0, then cu, u A v, and u +veSb.

ProoF. It is obvious that cu € S'Q. To see thatu A v € S'Q, the lower
semicontinuity follows from {z; 4 A v(z) > a} = {z; u(z) > a} N {z; v(z) > a}
and the super-mean-value property is trivial to show. Finally, to see that u +
vE S'Q, the corollary to Theorem 6 implies that u + v € L, since u, v € L,,.
Since the super-mean-value property is obvious, u + v € S'Q.

THEOREM 8. u, —u € S, imply u is a weak solution of Lu = 0 in Q.
Q

Note. The strength of this theorem lies in the fact that no differentiability
assumptions are explicitly made.
ProoF. Since u € C(Q), let R be a standard rectangle in Q and let v satisfy

Lv=0 inR, v=u ond,R.
Then, since 4, —u € S|y imply u(z) = L(4; z, R), v(z) = L(u; 2, R) = u(z) in

R. Since v satisfies Lv = 0 in R, u does also. Since R C Q was arbitrary,
Lu=0in Q.
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THEOREM 9. Ifu € S'Q, then u(z) = liminf,,, .. u(y).

ProOOF. The inequality < follows from the lower semicontinuity of u.
If u(z) = + oo, the proof is complete. Thus, assume u(z) <. Then
u(z) > L(u;z, R) = inf u - L(1; 2, R).
R
The desired result will follow if it can be shown that, for arbitrary e >0, 1 —
€ < L(1; z, R) < 1 for sufficiently small rectangles R. However, this follows
from L(1; z, R) < 1 and from the maximum principle in [2].

THEOREM 10. Letu € S'Q and let R be a standard rectangle in Q. If u <o
on R, then L(u; z, R) exists and the function
L(u;z, R), zZER,
(@)=
( ) u(Z), zE Q - R’

satisfies u >v, Lv=00n R, and v € Sj,.

ProOF. The existence of L(u; z, R) is obtained using the fact that u €
LQ. Let w; € ((Q) with w; tu. Let y; satisfy Ly; =0in R, v; = w; on R
Since v; Su ond,R, u € S'Q implies v; <u on R. Hence, u(z) > v,-(z) =
L(w,-; 2, R) on R. Since u < on R, the monotone convergence theorem im-
plies that u(z) > L(u; z, R). This shows that L(u; z, R) exists and v(z) < u(z)
on Q.

Since v; € C(R) and Lv;=0in R, an argument in the proof of Theorem 1
can be repeated to show that v satisfies Lv = 0 in R. To see that v € Sg, let
zg € 3,R. For any rectangle R, with z, €R, and R, C Q, it is clear that

w(zo) = u(zg) = L(u; 29, R) = L(v; 2, R).
The lower semicontinuity of v follows from the fact that
viz), zZ€R
wi2), z€ 0-R,
satisfies V; € C(Q)—from [8] —and V;tvonQ

V@) =
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